A REMARK ON NORMAL FORMS AND 
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GROWTH OF HIGHER SOBOLEV NORMS 
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Abstract. We study growth of higher Sobolev norms of solutions to the one-dimensional 
periodic nonlinear Schrodinger equation (NLS). By a combination of the normal form 
reduction and the upside-down /-method, we establish 

\Ht)\\ H s < (i + |tir (s - i)+ 

with a — 1 for a general power nonlinearity. In the quintic case, we obtain the above 
estimate with a — 1/2 via the space-time estimate due to Bourgain [?1[S]. In the cubic case, 
we concretely compute the terms arising in the first few steps of the normal form reduction 
and prove the above estimate with a — 4/9. These results improve the previously known 
results (except for the quintic case.) In Appendix, we also show how Bourgain's idea in [3] 
on the normal form reduction for the quintic nonlinearity can be applied to other powers. 
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1. Introduction 

We consider the periodic defocusing nonlinear Schrodinger equation (NLS): 

1 ' x (x,t) £Txl 1.1 

where T = M/2vrZ, p E N, s > 1. NLS flU} is a Hamiltonian PDE with Hamiltonian: 

= K! 2 + ^ / H 2p+2 - (i-2) 

Indeed, (jl.ip can be written as 

dH . . 

u t = i — . (1.3) 

Recall that (jl.ip also conserves the L 2 -norm and the momentum P(u) = i fj uu x . Moreover, 
the cubic NLS (p = 1) is known to be completely integrable [16] in the sense that it enjoys 
the Lax pair structure and so infinitely many conservation laws. For p > 2, the L 2 -norm, 
the momentum, and the Hamiltonian are the only known conservation laws. 
In [2], Bourgain proved local well-posedness of (11. ip 

• in L 2 (T) for the cubic NLS (p = 1), 

• in £P(T), s > 0, for the quintic NLS (p = 2), 

• in £P(T), s > 1 - i forp> 3. 

Hence, (jl.ip is globally well-posed in i7 1 (T) for any p € N, since the conservation of the 
L 2 -norm and the Hamiltonian yields an a priori global-in-time bound on the i? 1 -norm of 
solutions. However, except for the cubic case (p = 1), there is no a priori upperbound on 
the .fP-norm for s > 1. 

In this paper, we study growth of higher Sobolev norms ||u(i)||# s , s > 1, of solutions to 
(jl.ip . By iterating the local theory, we easily obtain an exponential bound 

||u(t)||ff« <C ie c ^, 

where C\ and C2 depend only on s, p, and no- This exponential bound is not satisfactory 
at all. Polynomial bounds were then obtained in Bourgain [3j, Stafhlani [TJj. The basic 
idea is to establish an improved iteration bound: 

\\u(t + T)\\ H . < \\u(t)\\ H s + CWuit)^ 5 

for all t & R, with some S = 5(s,p) £ (0, 1), where r and C depend on s,p, and uq. This in 
turn implies 

||u(t)||tf. <C(l + \t\)J, (1.4) 
where C = C(s,p,Uq). Fourier multiplier method was used in [3], and careful multilinear 
analysis was performed in |14| . (The only result in [HE] for the one-dimensional periodic 
NLS is for the (nonhomogeneous) cubic NLS with <5 _1 = (s — 1)+ in [14].) Then, Sohinger 
[j~2] applied the upside-down /-method (see below) to study this problem and proved (ll.4p 
with <5 -1 = 2s+ for p > 2 and with 5 _1 = for p = 10 

In the appendix of [3], Bourgain applied the normal form reduction to the quintic NLS 
and obtained a growth bound; if u is a global solution to the quintic NLS (jl.ip with p = 2, 
then we have 

\Ht)\\H*<s, P ,u (l + \t\)^ S - l)+ (1.5) 



1 Note the presence of s in place of s — 1 unlike other results. See Remark 11.3 
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for s >10 His idea can be applied to other powers, which yields 

Theorem 1.1. Fix s > 1. Given uo 6 H S (T), let u be the global solution to (jl.ip with 
initial condition uq. 

(a) Let p = 1,2. Then, the a priori bound (|1.5|) holds. 

(b) Let p > 3. Then, the following a priori bound holds: 

IK*)ll^<(i + |t|) 2(s - 1)+ . (1.6) 

Note that both (|1.5p and (jl,6p provide slightly better estimates than those in [12J. For 
the cubic (p = 1) case, there are uniform bounds on Sobolev norms due to the complete 
integrability. Our interest in this article is to establish an a priori bound without using 
such a structure in an explicit manner. 

Consider the Hamiltonian corresponding to (|1.1|) in the frequency spaceH 

H(q) = H(q,q) =^2n 2 \q n \ 2 + ^ g m g n2 • • • q n2p+1 qn 2p+2 (1-7) 

n m— n 2 -\ n 2p + 2 =0 

=:H Q {q)+H x {q), 

where q n = q{n). Normal form reduction is a sequence of phase space transformations, 
transforming the nonlinear part H\(q) of the Hamiltonian into expressions involving only 
"nearly-resonant" monomials for the form 

qn 1 qn 2 ---qn 2 r-iQn 2 rJ r > p + I, (1.8) 

where 

ni — n 2 H + n 2r _i - n 2r = (1.9) 

and 

Inf-rjfH Yn\ r _ x -n\ T \<K (1.10) 

for some large K > 0, (plus a non-resonant error, which needs to be estimated in a suitable 
topology.) By choosing K = T _<5 for some small 5 > 0, Bourgain [1] applied the normal 
form reduction with the L 6 -Strichartz estimate (see (|3.23p and (|3.24p below) and established 
(jT3| for \t\ < TE In Appendix, we briefly discuss how his idea can be applied to other 
powers. 

In order to improve Theorem ll.il we combine this normal form reduction with the upside- 
down /-method. For s > 1, let T> be the Fourier multiplier operator given by the multiplier 
m : Z — > R, where 

. , f 1, \n\<N . , 

m(n) = \(M)^ H >iv. (L11) 

The operator P is basically a differentiation operator of order s — 1. Moreover, it satisfies 

\\Vq\\ H i < \\q\\ H s < N^WVqWxi. (1.12) 

The upside down /-method first appeared in [6] (in the low regularity setting.) The growth 
of Sobolev norm is related to the low-to-high frequency cascade, and the (upside-down) I 



2 We use A < B to denote an estimate of the form A < CB for some C > 0. Similarly, we use A ~ £> to 
denote A < _B and S < A. In (|1.5|l . the expression < s ,p, uo shows that the implicit constant C depends on 
s,p, and uo. In the following, we omit such subscripts when there is no confusion. 

In the following, we often drop constants, when they do not play an important role. 

4 In (II. 5[) . the implicit constant is independent of T, and hence the bound (|1.5[) holds for all t 6 R. 
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method is a suitable tool to study such a phenomenon. As a result, we obtain the following 
improvement. 

Theorem 1.2. Fix s > 1. Given uq € H S (T), let u be the global solution to (jl.ip with 
initial condition uq. 

(a) Let p > 3. Then, we have 

IKi)||^<(l + |t|) (s - 1)+ . (1.13) 

(b) Let p = 2. Then, the a priori bound (jl.5p holds. 

(c) Let p = 1. Then, the following a priori bound holds: 

\\u(t)\\ Hs <(l + \t\)U s -V+. (1.14) 

Remark 1.3. In [12], Sohinger defined D to be a differentiation of order s and proved an 
estimate on |[X'ti(t)|| i 2, i.e. his argument is based on almost conservation of the L 2 -norm. 
However, it seems that by using T> as in (jl.ll|) with almost conservation of the Hamiltonian 
(~ .ff^-norm), one can obtain the results in [12] . but with s — 1 in place of s. 

Our argument is closely related to that by Bourgain in [5j , where he combined the normal 
form reduction and the /-method to study global well-posedness of the defocusing quintic 
NLS on T. There are two main steps in the proof of Theorem [L2] First, we apply the normal 
form reduction to the Hamiltonian H in (jl.7p and obtain a new Hamiltonian Ti = H o V 
with a certain symplectic transformation V so that the transformed Hamiltonian TL is of 
the form 

H(q)=H (q)+M(q), 

where M consists of nearly-resonant terms (plus "small" error.) Our choice of the symplectic 
transformation V satisfies ||rg||^2 = \\q\\i,' 2 an d ||rg||#i ~ IMIfli- Recall from [4] that 
K = T~ s for Theorem ll.il For Theorem II .2^ we choose K = N s for some small 5 > 0, and 
then choose N in terms of T as in the usual (upside-down) /-method. 

After performing the normal form reduction, we apply the upside-down /-method to the 
transformed Hamiltonian T~i. Suppose that q(t) satisfies the Hamiltonian flow of TL, i.e. 

.&H 
oq 

Then, differentiating in time as in [5], we obtain 

= i^m{n) 2 n 2 (^ n ^(q) - q n ^-(q) S j (1.15) 
+ iY^m{n)n 2 (q n ^-(Vq) - q n ^(Vq)^j (1.16) 

^ m ^w™wy-wyw™} (L17) 



n 



As noted in [5], we have (fTT5]) + (fl~T6|) = and (ITTT7]> = if suppg C [-N, N]. Hence, we 
assume that 

max(|m|, . . . , |n 2r |) > N (1.18) 
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for the monomials of the form f|1.8|) . Then, we prove Theorem 11,21 (a) by estimating the 
contributions from (j!.15p — (|1.17j) . When p < 2, we obtain an improvement from the space- 
time estimate by Bourgain U [5]. See ()3.24p below. Finally, for the cubic nonlinearity 
(p = 1), we concretely compute the terms arising in the first few steps of the normal 
form reduction, and show that these terms (as well as the higher order terms) satisfy better 
estimates. A further improvement may be achieved by computing more terms in the normal 
form reduction. However, the actual computation becomes very cumbersome and we do not 
pursue this direction any further in this article. See Grebert-Kappeler-Poschel [10] for the 
normal form theory of the defocusing cubic NLS, based on the integrability of the equation. 

For the non-periodic cubic NLS, Sohinger [13] used the a priori bound on the i/ fc -norm, 
k 6 N, and obtained 

IK*)k*<(i + l*l) {s}+ , 

where {s} denotes the fractional part of s > 1. Note that such uniform bounds on the 
i/ fc -norms are results of integrability of the equation. See [8j[15]. One could try to prove a 
similar result in the periodic case. However, we do not pursue this direction in this article, 
since our focus is to present an analytical method without using the complete integrability 
in an explicit manner. 

This paper is organized as follows. In Section 2, we briefly review the theory of the normal 
form reduction, and apply it in the NLS context. In Section 3, we apply the upside-down 
/-method to the transformed Hamiltonian and prove Theorem 11.21 (a) and (b). In Section 
4, we focus on the cubic NLS. By explicitly computing the first few steps of the normal 
form reduction, we establish improved estimates in applying the upside-down /-method, 
and prove Theorem ll.2l (c). In Appendix, we discuss Theorem 1 1 . 1 1 and show how to apply 
Bourgain's idea [I] for general powers. 

2. Normal Form Reduction 

2.1. Introduction. The normal form reduction involves in eliminating non-resonant parts 
of the Hamiltonians by introducing suitable symplectic transformations. Our goal is to 
repeat this procedure so that the transformed Hamiltonian H consists of the quadratic 
part Hq, the resonant part Mo, and the error M r . In the following, we briefly review the 
basic procedure of the normal form reduction. Also, see Kuksin-Poschel [IT], Bourgain 
HIE], Grebert [9]. 
Let 

H{q,q) = c(n)q ni q n2 ■ ■ ■ q^^On*. (2.1) 

«i- rt 2 A n 2r =0 

be (a part of) a Hamiltonian obtained at some stage of this process. Assume that c(n) := 
c(ni,--- ,ri2r) € K and that c(n) is invariant^ (modulo rfc signs) under the permutation 
n 2k-i n 2fc) k = 1, . . . , r. Divide H into the resonant part Hq and non-resonant part H\, 
i.e. Hq (and Hi) is the restriction of H on \D(n)\ < K (and > K, respectively), 

where D(n) is defined by 

D(n) := n\ - n\ + • • • + n\ r _ x - n\ r . (2.2) 



This is satisfied by the initial Hamiltonian (|l,7[l , and thus is automatically satisfied by all the Hamilto- 
nians appearing in the process. 

^"Strictly speaking, Ho is only "nearly resonant". However, we refer to it as the "resonant" part for 
simplicity. 
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We now introduce a symplectic transformation r = r>, called the Lie transform, to elimi- 
nate Hi. Define a Hamiltonian F (= "D -1 .^") by 

/ — \ \ — ^ c{tl) _ _ / \ 

F{q,q)= 2^ ^TQ , ni9n 2 ---9n2r-iW- ( 2 - 3 ) 

ni—Tl2-\ «2r = 

\D(n)\>K 

Then, it is not difficult to see that F satisfies the following homological equation: 

{H ,F} = -H 1 , (2.4) 
where Ho(q) = ^ n n 2 \q n \ 2 as in (|1.7p and the Poisson bracket {•, •} is defined by 

~dH x dH 2 8H 1 dH 2 



{H 1 ,H 2 } = iY J 



dq n dq n dq n dq r , 



(2.5) 



Consider a Hamiltonian flow associated to the Hamiltonian F: 



dF 

(2.6) 

Let Tt denote the flow map generated by F at time t. Then, we define the Lie transform 
r(= r_p) to be the time-1 map TiQ As we see below, the non-resonant part Hi is eliminated 
under T. 

Recall the following lemma. See [HI Lemma 2.8]. 

Lemma 2.1. Let Tt be as above. Then, for a smooth function G, we have 

d 



dt (GoT t ) = {G,F}oT t . 



Proof. By Chain Rule, we have 



d , „ _ N dG , ... dG . ... 

j t (GoT t ) = -(q(t)).q t+ -(q(t)).q t 

dG dF dG dF r „ t . , . N ,, 

= ^ a^'W- , W•a^ = {G(, ' (f)) ' F(<^(f),1 



since dF/dq = dF/dq. □ 
By the Taylor series expansion of G o Tt centered at t = 0, we obtain 

oo 1 
fc=0 

where {G, F}^ denotes the fc-fold Poisson bracket of G with F, i.e. 

{G,F}W :={---{G,F},F},..- ,F} 

V v ' 

k times 

and {G, = G. 



Here, we simply assume that the flow exists up to time t = 1. See Subsection 12.31 
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Suppose that we start with a Hamiltonian H = Hq + H, where Hq is as in (jl.7p and H 
is as in (|2. 1 j) . From (|2.7p and (|2.4p , the transformed Hamiltonian H' = H o T is given by 

F / = #or = Fo°r + i7o o r + .Hior 

= ff + tf + H x + {H , F} + {H , F} + {ff ls F} + h.o.t. 

= H + H + {H , F} + {#i, F} + h.o.t., 

where "h.o.t." stands for higher order terms. Hence, we have eliminated the non-resonant 
part Hi by the Lie transform V. Then, we define the resonant part H Q and the non-resonant 
part H[ of the new Hamiltonian H' by 

H'o := Hq + resonant part of {Hq, F} + {Hi,F} + h.o.t. 

H[ := non-resonant part of {Ho, F} + {Hi, F} + h.o.t. 

Note that at each step, the lowest degree among the monomials in the non-resonant part 
increases at least by two since deg-F > 4. 

Lastly, we discuss the regularity of the Lie transform T. It follows from Sobolev embed- 
ding that T acts boundedly on bounded subsets of H S (T), s > \. See [TT]. Indeed, for F 
as in (I2.3p . by Holder inequality and Sobolev embedding, we have 

< sup K~ x l c (")lkml • • • |9W-il • (n) s \p n \ 

H a l|p|| i 2 = l ni-n 2 H \-n 2r -i~n=0 

< sup ||p||L2|kll// s ll9ll 2r r+ < Ikli^" 1 , 



Oq 



= 1 



H2- 



where we used the fact that (n) < max((ni), . . . , (ri2r-i)) in the second inequality. This is 
sufficient for our purpose since we take the phase space to be iif 1 (T) for T>q (and H S (T), 
s > 1, for our initial data q.) See [H [5] for the boundedness of T in H £ (T), e > 0, for the 
quintic case. 

2.2. Normal form reduction. In this subsection, we actually implement the normal form 
reduction to the Hamiltonian H in (|1 .7j) corresponding to NLS (jl.ip . Our goal is the 
following; by a finite^ sequence of Lie transforms, we transform H into a Hamiltonian of 
the form 

n(q) =H (q)+N (q)+K(q), (2.8) 
where Ho is the quadratic part, TVo is the resonant part 7V"o, and N r is "small" error. We 
assume that q = {q n }n£Z satisfies the following I?- and ff 1 -bounds: 

Iklb < Ci, (2.9) 
h\\m < C 2 . (2.10) 

In Section [3l we use the result of this section with Dq G H 1 (for given q £ H s , s > 1) as 
the phase space element in place of q in (12. 9p and (I2.10p . 

First, we need to define the "norm" || • || to measure a size of a (homogeneous) Hamil- 
tonian. Given a homogeneous multilinear expression 



E 

ni— n 2 H U2r=0 



N(q,q)= V c(n)q ni q n2 ---q n2r _ 1 q n2r , (2.11) 



We repeat the process only finitely many times. In particular, the degree 2r of monomials is finite. 
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define the "size" of M by 

= sup^|c(n)||gW| k g)|...| g £)| 



(2.12) 



where the supremum is taken over factors q^\ 1 < j < 2r such that 

• all factors satisfy (|2.9p 

• all except at most two factors also satisfy ()2.10p . 

i.e. the supremum is taken over all the factors, allowing two exceptional ones. See [5] for a 
similar definition of a norm on homogeneous multilinear expressions. Like (3.6) in [5], we 
obtain the following proposition on closure of the Poisson bracket under this norm. 

Proposition 2.2. Let Hi and H 2 be Hamiltonians of the form (|2.1ip . Then, we have 

\\{Hi,H 2 }\\ < ||tfi||||#2||. (2.13) 

We need the following lemma to prove Proposition 12.21 

Lemma 2.3. Let H be a Hamiltonian of the form (|2.1ip , 

(a) Lf all the factors of dH/dq satisfy both (|2.9p and ()2.10[) . then we have 

dH 



dq 



< H 



(2.14) 



(b) If all the factors of dH/dq satisfy (|2.9[) and all except at most one satisfy (|2.10p . then 
we have 

dH 



dq 



< H 



(2.15) 



Proof, (a) Without loss of generality, assume \n\ < |ni| since n = n\ — n 2 + • • • + ni r -\- By 
duality, we have 

LHS of Q2JJI < sup ^2 \c(n)\(\ni\\q ni \)\q n2 \ ■■■ \qn 2r -i\\Pn\ 

HpIIl2=1 ni hn 2r _i-n=0 

< ILffll, 



since ni 



Ini \ 



p n \\i2 < 1, i.e. all the factors satisfy (|2.9p and all, except for |ni|g ni and 

□ 



p n , satisfy ()2.10p . Part (b) follows in a similar manner 

Proof of Proposition \2.2l It suffices to prove 

dH x dH 2 



< 11^1 II 11^9 



dq n dq n 

There are three cases, depending on the location of the two exceptional factors. 
First, suppose that both appear in dHi/dq n . By duality, we have 

1 dHx\ 



(2.16) 



(n) dq n 



< sup ^2 l c i( n )ll Qni I \ Qn2 

'n IIpIIl2— 1 ni [_ n2j ._ 1 _ n =0 



in 2 



-i\{{n)- l \Pn\) < H^ill, 



(where (n) := 1 + |n|), since (n)- l p n with \\p\\ L 2 = 1 satisfies both ([2JjD and (pJOl) . Hence, 
from Lemma 12.31 (a), we have 

dH x dH 2 



E 



dq n dq n 





1 dHi 




dH 2 




< 


(n) dq n 




dq 


m 



< Hi Ho . 
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The same argument holds when both exceptional factors appear in dH2/dq n . Finally, 
suppose that exactly one exceptional factor appears in each of dH\/dq n and dH^jdqn- 
Then, (|2.16p follows from Cauchy-Schwarz inequality and Lemma |2, 31 (b). □ 



Now, we inductively iterate the steps of the normal form reduction, assuming (|2.9p and 
(12.10p . For fixed N (to be chosen in terms of T in the next section), we set K = N s for 
some small 5 > 0. (Recall that we have K = T s in |4J.) Assume that at some stage of the 
process, the Hamiltonian is of the form 



H(q) = J> 2 |g„| 2 + A/" (</) + A/i(</) + M r (q), 



(2.17) 



where the monomials in the resonant part Mo satisfy 

\D(n)\ <N S (2.18) 

for some small 5 > 0, (where D(n) is as in (|2.2p ). the monomials in the non-resonant part 
Mi satisfy 

\D{n)\>N s , (2.19) 

and the remainder part M r satisfies 

\\M r \\ < N~ C (2.20) 

for some large C > 0. Moreover, we have 

Wol ||M||<1- (2.21) 

Clearly, the initial Hamiltonian in (jl.7p satisfies the above conditions. Note that there is 
no remainder part at this stage, i.e. M r = 0. By Sobolev embedding along with (|2.9p and 
(pnUp . we have 



\Hi(q)\ 



^1 QniQri2 ' ' ' Qn2 p +iQri2p+2 

Hi— H2H «2p+2=0 



< 



2 ||_||2p < 



\ 2P 1 <1. 



i.e. ||-ffi|| < 1. Hence, the resonant and non-resonant parts of H% satisfy ()2.2ip . 

Assume (|2.17p . Suppose that (the collection of monomials of the lowest degree in) the 
non-resonant part Mi is given by 

^ ] c(?7-)(j , ni ^ n2 • • • 9ri2r-l9«2r- 

n\— n2H ri2r=0 

\D(n)\>N 5 

As in the previous subsection, define F by 



E 



m—n2-\ ri2r=0 

\D(n)\>N s 



c(n) 



D{n 



'Qn 1 Qn 2 ' ' ' Qn2r-iQri2r 



so that we have 



{F,H }=Mi. 



(2.22) 



(2.23) 
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Let r be the Lie transform associated to F. Then, by (|2,7p . we have 

%' = u o r = Ho + M + Mi 

+ {H , F} + {M , F} + {Mi,F} + h.o.t. 
+ M r o r 

= H + M + {Mo, F} + {Mi,F} + h.o.t. +M r oT. 

Prom (pTL9|) and (|23T|) , we have 

\\F\\<N- 5 \\Mi\\<N- s . (2.24) 

From Proposition (pT20D . (I2T241 . and ([277]l . we see that 7V r o T satisfies (ET20]) . It also 
follows that the higher order terms with sufficiently high degrees satisfy (I2.20p . 

Let 91 denote the sum of {Mq,F}, {Mi,F}, and the remaining part of the higher order 
terms, i.e. 

M M M 

fe=l fc=l fc=2 

for some M E N. From Proposition [221 flgZgfl , and (|2T2T|) . we have 

||{A/o,F}|| < iV- 5 ||AAo||||M|| < AT- a ||M||. 
Similarly, we have ||{JV , F}W || < N- kS \\Mi\\. Then, from flQjJ) and <^M), we have 

, M M . 

11*11 < iimii E^^ + E^^p N ' 5 \W\- 

^ fc=l ' k=2 ' ' 

Now, according to (12.18P and (|2.19p . divide 9T into its resonant part 9To and its non-resonant 
part Hence, we can write the new Hamiltonian H' as 

W = H +M^+M[ + M' r 

where Mq := M + 0Tb satisfies (i2~2Tj) . M[ := OTj satisfies 

lKH<iV- 5 ||M||, (2.25) 

and A/"/ satisfies (|2.20p . In view of (|2.25p . we can hide the non-resonant part into the 
remainder part, by iterating the process sufficiently many times. 

Therefore, by a finite sequence of Lie transforms, we have obtained a new Hamiltonian 
7i of the form 

H{q) = ^n 2 \q n \ 2 +Mo(q)+M r (q), (2.26) 

n 

where \\M \\ < 1 and \\M r \\ < N~ c . 

2.3. L 2 - and //^-bounds under the Lie transform. Before proceeding with the upside- 
down /-method, let us discuss how the conditions (|2.9p and (|2.10p are affected under the 
Lie transform. 

Given F as in (|2.22p . we define the Lie transform Y to be the time-1 map of (|2.6p . 
Denoting by Tt the flow map of (|2.6p at time t, we have 



f* BF 

r t q = q(t) = g(0) + i J -Qr(q{t'))dt' ', (2.27) 
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where q = q(0) and T t q = q(t). Let M(q) = ||g||? 2 = Yin \Qn\ 2 - Then, by Lemma [2TT1 we 
have 

±M(q(t)) = {M(q(t)),F(q(t))}=0. 
Hence, we have Hl^gH^ = ||g||£2. In particular, we obtain 

l|r<z|b = IMU». (2-28) 

Now, take the ii^-norm in (|2727|> . From Lemma O (a), (J2H2D, and ff27T9|) . we have 

<9F 



ll r *^lbi < IklUi +t sup 

t'e[o,t] 



< \\q\\ m +Ct sup ||W))|| 
tf 1 fe[o,t] 



<\\q\\gy +C'tN- 5 sup ||g(Olli 2 |k(Olli r oT 2 . 
t'e[o,t] 

By taking the supremum over t € [0, 1] and by Sobolev embedding along with interpolation 
on the L 2 - and if 1 -norms, we have 

sup ||r f g||#i < ||g||ifi + C'N~ S sup ||r t g||^; 1+ 
te[o,i] te[0,i] 

Now, choose iV = Ni^f) large enough such that if Xt < 47, then 

*t < 7 + C"N- 5 X r t - 1+ implies X 4 < 2 7 . (2.29) 

For our purpose, let 7 = ||g||#i. By the local theory of (|2.6p . there exists a time [0, £0] such 
that Xt := ||r$<jf||#i < 27 for t € [0, £q]. In particular, we have ||r eo g|j^i < 2 7 . By the local 
theory again, there exists e > such that X t := ||r t g||^i < 4 7 for t € [0,Sq + e]. By (12.29p . 
we have ||rtg||^i < 4 7 for i £ [0,£o + £ ]- By iterating the argument with a fixed size of e, 
we obtain ||r^g||^-i < 2||g||#i for t € [0, 1]. By inverting the time, we obtain 

\\Fq\\m ~ Iklln 1 ~ l|r _1 g||fl-i. (2.30) 

From (I2.28j) and (12.30p . we see that the conditions (12.9P and (12.10P are preserved under 
the Lie transform. 

3. UPSIDE-DOWN /-METHOD 

In this section, we estimate the terms (|1.15p . (|1.16p . and (|1.17p appearing in 4"H(X>g), 
where % is the Hamiltonian of the form (|2.26|) obtained in the previous section. The 
analysis is very similar to that in [5]. We estimate \-^H(T>q)\ in terms of a negative power 
of N and then prove Theorem 11.21 

3.1. Estimates on (|1.15p . (|1.16p . and (|1.17p . In the following, we assume that M is of 
the form ()2.11j) . Then, we can rewrite (|1.15p and (|1.16p as follows. 

(|1.15p = - y~] c{n)R(n)q ni q n2 - ■ ■ q n2r (3.1) 

n 1 -U2A r»2r=0 

$LM= c{n)D{n)Vq ni Vq: n2 ---Vq' n2r , (3.2) 

ni — ni-\ ri2r=0 

where D{n) is as in (|2.2p and R{n) is defined by 

R(n) = m(ni) 2 n\ — m(n2) 2 n\ + ■ ■ ■ — m{n2 r ) 2 n% r . (3-3) 
Recall that we assume (|1.18p : 

n\ := max(|ni|, . . . , |ra2r|) > N. 
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We use n* to denote the j-th largest frequency in the absolute value. Then, we have n\ > N 
since n\ — n 2 + • • • — n 2r = 0. 

In the following, we assume that T>q satisfies both (|2.9p and ()2.10p . Let P>at be the 
Dirichlet projection onto the frequencies {\n\ > N}. Then, we have 



>N 



Vq\\v < N-^VqWui < N- 1 



(3.4) 



• Estimate on f|l . : Let J\f and J\f be of the form ()2.11|) with frequencies and 
{™j}j=i- I n the following, we estimate 



(3.5) 



where 



n = n 2 - n 3 H h n 2r = ni - n 2 H h n 2 f-i- (3.6) 

If max(nj,ni) < AT, then we have ([33} = oE Hence, without loss of generality, assume 
n\ > N . We consider only the first term in (|3.5p since the second term can be estimated 
in a similar manner. Now, we consider two cases: (a) \n\ > AT, (b) |n| <C N. 

o Case (a): Suppose |n| > AT. This implies n\ > \n\ > A 7 ". By Cauchy-Schwarz inequality, 
we have 



^ m (n) — (^)t— (9) 



< 



dU (T> \ 



dq n dq, 

First, let us consider the first factor. By (|3.4p . we have 

\\Nm(nl)q n *\\ l?i < 1. 

By duality, we have 



m(n) — (<?) 
oq n 



(3.7) 



oq n 



lbllz,2— 1 n— n 2 H n 2r =0 



(3.8) 



where p n and NVq n * are the exceptional factors. 

Next, consider the second factor in (|3.7p . By the monotonicity of m(-) and (|3.4p . we have 



\\Nm{n) mi \\ llt < WNminDqniW^ < 1. 



By duality, we have 



( \ dN ( \ 
m{n) — (q) 

oqn 



sup 



c(n) -p n • m{n)qn^ 



In WpWl 2 l ni _ ra2 -j ^ n2 __ 1 _ n= 



'n 2 W2F-1 



(3.9) 



where p n and Nm(n)qn* are the exceptional factors. 

o Case (b): Suppose |n| <C A 7 '. From (|3.6|) . we have n\ > A 7 . Thus, we have 

||ATm(n*)g n *|| Z 2, ((^(n^^llzz < 1. 



Here, we abuse notation and set n* — max(|n2|, [713 1, . . . , \ri2r\) and n* — max(|ni|, [na|, ■ ■ • , |n 2 r-i| 
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By Cauchy-Schwarz inequality, we have 



2^rn(n) — iVq) — (q) 



By duality, we have 
1 dN 



(n) dq r 



dq n dq n 
(Dq) 



< 



1 dN 



(n) dq n 



(Vq) 



{n)m(n)^^(q) 

(jq-n 



(3.10) 



sup 



=1 



c(n) • (n) 1 p n ■ Vq n2 ■ ■ ■ Vq n2r 



n-n 2 ^ «2r=0 



< 



N- 2 \\M\\, 



(3.11) 



where NT>q n * and NT>q n * are the exceptional factors. By Lemma 12.31 (a) and the mono- 
tonicity of m(-), the second factor in (|3.10p is bounded by \\N\\. 
Prom (|3TTj)H[3TTT|) . we obtain 

|(in7I)|<iV- 2 ||^|| 2 . (3.12) 



Lastly, by writing N = No + N r and N = No + N r , if N r or N r appears in either the first 
or the second factor, then we have | (|1.17j> | < N~ c . 

• Estimate on (|3.1|) : Let rj{n 2 ) = m(n) 2 n 2 . i.e. we have 



rj(u) 



u, u< N 2 

N 2(l-s) u B } u > N 2_ 



In particular, we have rf(u) < rj(u)/u. 

o A/o-contribution: Assume n\ = \n\\. Then, without loss of generality, we can assume 
n 2 ~ l n 2| since < N s < (n*) 5 for small 5 > 0. Thus, we have 



n 



2 = ni + 0((n* 3 y + N>). 



By Mean Value Theorem, we have 

I^K)-^)|<m(n 1 ) 2 0((n*) 2 + iV 5 ). 

Thus, we have 

\R(n)\ < m( ni ) 2 0({nl) 2 + N 5 ) + m(n^) 2 (n^) 2 

<m( ni ) 2 0((n*) 2 + N s ), 

where R(n) is defined in (|3.3|) . Now, we consider two cases, depending on the size of n 3 : 
(a) n* 3 <Nl, (b) n|»iVf. 

o Case (a): Suppose n 3 < . In this case, we have |-R(n)| < m(ni)m(ri2)N 5 . Hence, from 
(|3.4p . we have 

U2r 



3H])| < ^V 5 ^ \c(n)\ ■ m(ni)q ni ■ m(n 2 )q n2 • gn 3 ' ' ' Q 

n\—n-2^ n2r=0 

<iY- 2+<5 ||AA ||. 



(3.13) 



Case (b): Suppose n\ S> A^2. In this case, we have n\ ~ 77,3 since |£>(ri)| <C ( 



*\2 



Otherwise, if n\ -C ng, then we would have 

,*\2 



1 + o(l))(n* 3 ) 2 = |(m - n 2 )(m + n 2 )| = (1 + o(l)K(nJ + n* 2 ) 



(3.14) 
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since n\ and n 2 have the same sign in view of \n\ — n 2 \ = (1 + o(l))ng. Then, it follows 
from (I3.14| that n?j = 0, which in turn implies n\ = n 2 and n| = • • • = n 2r = 0. In this 
case, we have (|3.ip = since R(n) = 0. 

Thus, we have |-R(n)| < m(ni)m(n 2 )n^n : l. By Holder inequality and Sobolev embedding 
on the physical side, we have 

| HSU | < ^2 \c(n)\-m(ni)q ni -m(n 2 )q n2 -n* 3 nlq n3 ---q n2r 

n\—ri2-\ n,2r=0 

SII^<iJl^lCll<£ 

<N- 1+ \\Vq\\^ (3.15) 
since \\F> N Vq\\ H i + < N-'2 + \\Vq\\ m . 
From (|3.13p and (|3.15p . we obtain 

1(33)1 <N- 1+ . (3.16) 



o 7V" r -contribution: In this case, we use |-R(ra)| < m(n*) 2 (nj) 2 . Then, proceeding with 
ll^lliP ^ we have 

|(I33])| < IKH < (3.17) 



• Estimate on 

o A/o-contribution: By proceeding with |-D(re)| < N s and (|3.4p as before, we obtain 

mi <^ 2+5 iim,ii. (3.i8) 

o A/" r -contribution: In this case, we have |-D(n)| < ( n i) 2 - Hence, we obtain (|3.17p . 

3.2. Proof of Theorem 11.21 (a). Now, we are ready to put all the estimates together and 
prove Theorem 11.21 (a). Given uq £ H s with s > 1, let 

Vq = T^Vuq. 

Then, from (fl~T2l) and (l230l) . we have 

IP<?o||iJ-i ~ II^woIIhi < \\uq\\h« ~s,u 1- 
From ([3T2]) . (I3TT6]) . and ([3T8]) . we have 



< iV" 1+ (3.19) 



assuming 

\\Vq(t)\\ m <l. (3.20) 
Now, fix T > 0. Suppose that (I3.20P holds true for \t\ < T. Then, from (13.19p . we have 
P>Q{t)\\h ~ W(X>g(*)) < H(Vq(0)) + CTiV- 1+ , |i| < T. (3.21) 
By choosing N ~ T 1+ , we indeed have 

\\Vq(t)\\ H i<l, \t\<T. (3.22) 

Note that we performed the upside-down /-method on the transformed coordinates. By 
HEED, HZ3BD , and (1332]) . we obtain 

|^ < A^p^lUa ~ iV s-1 ||X , g(t)|| fl -i < r(- 1 )+, \t\ < T. 



u 
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Therefore, we conclude that 

Kt)||H.<(i + |t|)(- 1 ) + . 

This completes the proof of Theorem 11.21 (a). 

3.3. Improvement for p < 2: Theorem 11.21 (b). In this subsection, we briefly discuss 
how to improve the result when p = 1,2. The basic idea is to use the estimate due to 
Bourgain. In [U[5], Bourgain studied the quintic NLS, where he used space-time estimates 
to obtain purely spatial estimates. For this purpose, the L 6 -Strichartz estimate [S]: 

\\e- itA <t>\\ Lem < C N U\\ L2 , supp^C [-N,N] (3.23) 

plays a crucial role, where Cat = exp (C i^f g N ) "C N 0+ . Then, one inductively proves 
estimates for Hamiltonians with higher order nonlinearity, which appear in the process of 
the normal form reduction. In the end, one obtains (5.13)] 

2r 

E \<m&$\---\<iS\ <wrn\\ q $\\ L *. (3.24) 

n 1 -n 2 A n 2r =0 j=l 

D{n)=a 

For the cubic case (p = 1), one can basically repeat the same computation to establish 
(jl.5p . thanks to the L 4 -Strichartz estimate |17j : 

||e- J ' A <A|| L4(T2) < U\\ L 2. (3.25) 

Unlike (13.23h . there is no derivative loss in (|3.25p . However, one has a small derivative loss 
in the inductive steps, causing the + sign in (jl.5|) . See (A. 22) in [4J. As a conclusion, the 
estimate (|3.24p holds when p = 1,2. 

Theorem 11.21 (b) follows once we show 



max 



< N- 2 +. (3.26) 



In view of (|3.12p . (|3,13p . and (|3.18p with 5 = 0+, we only need to improve Case (b) in 
Estimate on (|3.ip . By applying (|3.24|) and (|3.4[) in (|3.15|) (in place of Holder inequality and 
Sobolev embedding), we have 

Id33])| < N s max } \c(n)\-m(ni)q ni -m(n 2 )qn2-ntntq n3 ---q n2T 

\a\<N s f-^ 

ni—ri2-{ ri2r=0 

D{n)=a 

^iV^llP^glllo+llia.lgll^llgll^- 4 

<iV- 2+5+ ||Pg||^. 
Hence, ()3.26j) follows and this proves Theorem 11.21 (b). 

4. Cubic Case: Theorem 11.21 (c) 

In this section, we consider the cubic case (p = 1) and prove Theorem 11.21 (c). First, we 
explicitly compute first few terms appearing in the normal form reduction in Subsection l4.1i 
See also Erdogan-Zharnitsky [7]. Then, we establish improved estimates on those terms 
and prove Theorem 11.21 (c) in Subsection [ 



l^One can indeed obtain this estimate with (nl) 0+ in place of (nt) 0+ , but it is not useful for our purpose. 
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4.1. Normal form reduction: cubic NLS. Let H be as in (|1.7p with p = 1. i.e. we 
have 

H{q) = n2 \ln\ 2 + ^2 QmQniQnsSrn = '■ H o(<l) + h i(q)- 

n ni— n2+ri3— n4=0 

Now, divide H\ into the resonant part 1Z and the non-resonant part J\f, depending on 
D\(n) = or 0, where D\{fi) is defined by 

Di(n) := n\-ri2 + n\-n\ = -2(n\ - n 2 )(n 3 - n 2 ). 

We further split 1Z into two parts: 

K = ^2 qn 1 qn 2 Qn 3 qn 4 =2^J2\^n 1 \ 2 \qn 3 \ 2 -J2^ n ^ =:ni+n2 - ( 4A ^ 

ni—n2+n-i—n4=0 n\ n 3 n 

Di(n)=0 

By the conservation of the L 2 -norm, we have 



^-1 = 2/^^ \q n \ 2 , 
n 

where [i = f \u\ 2 dx. By a direct computation, one easily sees that {1Z\,F} = for 

smooth F of the form (I2.3j) . 

As the first step of the normal form reduction, define F\ such that {Hq,Fx} = —A/", i.e. 

-2(m-n 2 n 3 -n 2 v ; 

ni— 7i2+n3— n4=U ' 
12^1,13 

Let Ti be the Lie transform associated with F\. Then, we have 

H' := H o ri = H + Tl x + TZ 2 + {7i 2 , *i} + ±{A/", F x } + h.o.t. (4.3) 

Here, we used the fact that {7ii.Fi} = and {M,F} + \{{H Q , Fx}, F x } = \{M,F}. From 
(gj]) and dM]), we have 

{7i 2 ,Fi} = 2i(2o-^), (4.4) 

where Iq is given by 

- I |2 - 

2" _ qn 1 qn2qn 3 \qri4 \ qrij 

ni _ n2 ^_ n4=0 («i-"2)(n 3 -« 2 ) 

n 2 ^ni,n 3 

ffni 9rt2 grt3 9914 ffns 9ne ^ 

' (ni — n 2 )(n 3 — n 2 ) 

"1— ri2+n 3 — U4+U5— ne=0 

Next, we introduce two more transformations to eliminate the "non-resonant" parts of 
{7i 2 ,Fi} and k{Af, Fx}. First, we divide them into the resonant parts (with (r)) and the 
non-resonant parts (with (nr)), 

{TZ 2 , Fx} = {K 2 , + {7l 2 , Fx}^ 

{N,Fx} = {M,Fx}V + {N,Fx}^\ 

depending on 

\Ih(n)\<N p or \D 2 (n)\>N p (4.6) 
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for some /3 > (to be chosen later), where D 2 {n) is defined by 

r> /-\ 2 2,2 2,2 2 

Now, define F 2 and F3 such that 

{H ,F 2 } = ^{M,F 1 }^ 
{ J ff ,F 3 } = {7e 2 , J F 1 }( nr ) 

i.e. we have 

F 2 ^ u D2 1 {Af,F 1 }^ n and F 3 ~ a D^{TZ 2 , Fi} (nr) ". (4.7) 
Let r 2 and r 3 be the Lie transforms associated with F 2 and F 3 . Then, from (|4.3p . we have 

#" :=ffor 1 or 2 or 3 = iY + ?ii + ?i 2 + {n 2 , + ±{aa, Fi} (r) + h.o.t. (4.8) 

Prom (J33D and (|4,2p . we have 

{7e 2 ,F 1 }W = 2i(X 1 -Zi), (4.9) 
i{AA,F 1 }«=2i(X 2 -2 2 ), (4.10) 

where Xi is the resonant part (i.e. |D 2 (n)| < N 13 ) of Zq defined in (|4,5p and I 2 is given by 

j-^ _ ST~^ Qnx Qn 2 Qn 3 <?n 4 Qn 5 Qn 6 ^-js 

' (n\ — n 2 )(n 3 — n 2 ) 

™l—"2+"3— "4+^5— "6=0 

|D 2 (n)|<W^ 

In the next subsection, we estimate the terms TZ 2 , {TZ 2 , F\}( r \ and ^jAA, 
appearing in (|4.8p . Also, note that all the higher order terms in (|4.8p are Poisson-bracketed 
with F 2 or i*3 at least once. i.e. they have an extra decay of |-D 2 | -1 < from (|4.6|) and 
(I4T71). 

After this point, we perform the (usual) normal form reductions (as in Section [2]) on 
the higher order terms in (|4.8p . In particular, we use (|2.18p and (|2.19p with 5 = 0+ to 
distinguish the resonant and non-resonant terms. In the process, we construct Hamiltonians 
F of the form (|2.22p to eliminate the non-resonant parts of the higher order terms in (|4.8p . 
For such F, it follows from the observation in the previous paragraph that c(n) in (|2.22p is 
small, i.e. \c(n)\ < N~@ . After a finite number of iterations, (|4.8p is reduced to 

H = H + 1Z 2 + {TZ 2 , Fi}W + \ {M, Fi}W +M +M r =: H +M, (4.12) 

= h.o.t. 

where Hq is the new quadratic part defined by 

H :=H + n 1 = Y,(n 2 + ^)\q n \ 2 

n 

and the higher order terms have an extra factor of . (Compare this with (|2.26p .) 
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4.2. Improved estimates. In this subsection, we prove Theorem 11.21 (c) by establishing 
improved estimates for all the terms in (|4.12p . Differentiating ()4.12|) in time, we obtain 



-nv q) = -(v q) .v qt + - m .v q , 



i £ m(n)\n 2 + 2 M ) (qu^(q) ~ ?»^(?)) ( 413 ) 
+ • E «*0 ( ^ ^ " Ofn iq) Wn {Vq) ) ' (415) 



n 



In the following, we simply use (n) for (n)^ := (n 2 + 2/i) a since \x is a fixed constant thanks 
to the L 2 -conservation. 

First, note that Theorem 11.21 (c) follows once we prove 



Jt n{Vqm 



< |633N + |@33}| + |@35}| <N~*+. (4.16) 



Also, note that the terms (|4.13p - (|4.15p are basically the same as (|1.15[) — fjl.lTp . Thus, by 
comparing (|3.26p and (|4.16p . it suffices to show that there is an additional decay of N~* + 
in this case. 

As mentioned at the end of the last subsection, all the higher order terms in (|4.12p have 
an extra decay of | -£?2 1 1 < -W - • Hence, by repeating the argument in Subsection 13.31 with 
this extra decay of N~@, we have 

\mM\ + \@M\ + \$M\<N- 2 -P + . (4.17) 

Moreover, if either of Af or M in (|3.5p . say J\f, is one of the higher order terms, then, we 
also gain an extra decay of from M, and thus ()4.17j) holds. 

Therefore, we only consider the contributions from IZ2, 2i for {T^i-^i} > an d ^2 for 
\{N , Fi}^> in the following. Recall that the main idea in Subsections 13.11 and 13.31 is to 
identify large frequencies and apply (|3,4p to gain a negative power of N. In particular, it 
follows from (|3.24p and (|3.4p that for each large frequency > N, we basically gain a power 
of AT" 1 . 

First, let us use (|3,24p to establish preliminary estimates on IZ2, and I2, assuming 

n\ := max(|ni|, . . . , |n2 r |) > N. 



(i) On IZ2 • By writing IZ2 in the form (|2.1ip . we have 

^2(9) = ~52 \ qn ^ = ~ E 9ni9n a 57i 3 9n4- ( 4 - 18 ) 



Til— "2+^3— n4=0 
ni=n2=n3=ri4 



By (flTTH]) . we have > iV, j = 1, • • • ,4. Then, from (f3T24"P and (J3T3J), we have 

l^2(?)| < W> N q\\w + < N^+Wqf^. (4.19) 



NORMAL FORMS AND UPSIDE-DOWN /-METHOD 19 

• (ii) On Ty. Prom (|4.5p . we have 

X x (q) = Y QmMnsMn.qne u 2Q) 

^ {n\ - n 2 )(n 3 - n 2 ) 

n 4 =n 5 =n 6 
\D 2 (n)\<NP 

If \ n ^\ ^ N, then we have at least three large frequencies ( > TV.) Thus, from (|3.24p and 
(|3.4p . we have 



iXx^l^iV^niknJIpJIlP^lllo+^iV-^+llgll^. (4.21) 

3=1 

If |/24 1 <C TV, then there are at least two frequencies among ni,n 2 ,ri3 of size > TV. 
If min(|rii|, \n 2 \, \n 3 \) > TV, then we have \Ii(q)\ < N- 3+f3+ \\q n \\ 6 Hl as in (IQlD . If 
min(|ni|, | rz-a | , |^3|) *C TV, then we have 

|(m - n 2 )(n 3 - n 2 )\ > TV. 

Hence, we have 

< TV- 1 +/ 3 ||P> iV Q||^ 0+ lkn||f2 < TV- 3+ ^||g||^. (4.22) 

• (iii) On 1 2 : We have n* > n\ > TV. If n* 3 > TV, then we have 

\Mq)\ < TV^IlP^gll^ll^ll 3 < N~W + \\q\\ 6 m . (4.23) 
Hence, suppose rig <C TV in the following. 

o Case (iii.l): Suppose max(|ni|, |ri2 1 , l^l) TV. Then we have \(ni — n 2 )(n 3 — n 2 )\ > TV. 
Hence, |X 2 (g)| < TV -34 "^^!^! as before. 

o Case (iii. 2): Suppose max(|ni|, |tt.2 |, |^3|) "C TV. Let /3 < 1. Then, |Z?2(^)| < TV 3 implies 
l^sl > Otherwise, i.e., if \n^\ < rig <C TV, then we would have |rj-4 1 , \n%\ > TV, and thus 

- n \ -n\ = D(n) + o(TV 2 ) = o(TV 2 ). 

This is clearly a contradiction. Hence, we have \n^\ > n\. Without loss of generality assume 
|n 4 | > |n 6 |. i.e. {|ra 4 |, \n 5 \} = {n*,n 2 }. 

o Subcase (iii. 2. a): Suppose n| < TV2 - . Then, write n 4 as n 4 = 77.5 + m, where m = 
0(TV2~) and m/0. (Recall n 4 ^ 725.) Then, we have 

\D 2 (n)\ = \n\ - njj + OiN 1 '^ = \2mn 5 + 0(TV 1_ )[ > \mn 5 \ > TV. 

This contradicts with \D 2 {n)\ < N 13 < TV. 

o Subcase (iii.2.b): Suppose n* 3 » TV5~. Then, we have |£> 2 (™)l < TV' 3 < TV 1 " < (ra?j) 2 . 
This in turn implies n| ~ n 3 as in Case (b) of Estimate on f j 1 . 1 5 1) in Subsection 13.11 Thus, 
we have 

\UQ)\ < ^\\F> N q\\% 0+ \\F^_q\\l4q\\l 2 < N- 3+ ^\\qf m . (4.24) 

Therefore, we have |2^2(q)| ^ N~ 3+l3+ \\q\\ 6 Hl as long as /3 < 1. 

In the following, we estimate the contributions from 1Z 2 , I±, and I 2 for (|4.13p . (|4.14p . 
and (|4.15p . assuming (3 < 1. 
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• Estimate on ([4.140 : Since l) J+1 ( n f + 2/i) = -D(n), we can rewrite ([4.140 in 
the form ([3.20 . First, note that there is no contribution from 1Z 2 since D\(n) = 0. From 
([CTD - fjTOD . we have 

|Zi|, \X 2 \ < A^AT"^ = AT-3+2/3+. 

Therefore, we have 

I dUail I < iV- 3 +^+. (4.25) 

• Estimate on ([4.130 : First, we rewrite ([4.130 as before. 

(|4-13|) = - c{n)R(n)q ni q n2 ■ ■ ■ q n2r 

ni—ri2^ n2r=0 

where R(n) is defined by 

R{n) = m(m) 2 (ni) 2 - m(n 2 ) 2 (n 2 } 2 + m(n 2r ) 2 (n 2r ) 2 . (4.26) 

Once again, there is no contribution from 1Z 2 since R{n) = when n\ = ■ ■ ■ = m. 

In the following, we estimate the contribution from X\ and X 2 on ([4.130 . By repeating 
the computation in Estimate on (jl.150 in Subsection 13.11 we have 

\R(n)\<m{n\) 2 0{{nlf + NP). 

o Case (a): Suppose < N2. In this case, we have |-R(n)| < m{n\)m{n2)N^ . Hence, from 
(I4.190 -( j"4.240 . the contribution from X\ and X 2 can be estimated as 

| |Q3]t | < N- 3+2l3+ . (4.27) 

o Case (b): Suppose n| ^> N2. In this case, we have n\ ~ n\ as in Subsection 13. II Hence, 
we have \R(n)\ < mip^m^nQri^ri^. 

First, we estimate the contribution from X\. 

o Subcase (b.l): Suppose |r&4| > N. This implies that max(ni, 712, 713) > n| ~ ng > N. 
If ng <C N, then we have med(ni, n 2 , n^) = n| <C N and thus |(m — n 2 )(ns — n 2 )\ > N. 
Hence, we have 

4 

|@33J)| < iV- 1+ ^||P>^3ll^H-(II ^ Ar^+u^U^ 

3=3 

< ^-3+^+. (4.28) 

Otherwise, i.e. if > iV, then we have 

4 

I (Ml < NP\\F> N Vq\\ 2 H0+ (l[ \\ n }<ln*\y)\\W>Nq\\ H ° + \\q\\ L z < AT 3 +^+. (4.29) 

3=3 

o Subcase (b.2): Suppose \n^\ <C AT". This implies ~ n| <C A 7 ". Hence, we have 
|(ni — ri2)( n 3 ~~ ^2)! ^ A" and ([4.280 holds in this case. 

Next, we estimate the contribution from I 2 . 

o Subcase (b.3): Suppose n\ > N. We have n\> N since n\ ~ n\. Then, as in Subcase 
(b.l), we obtain ([4.280 or ([4.290 . depending on the size of n\. 
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o Subcase (b.4): Suppose rig <C N. If max(ni, n 2 , n 3 ) > N, then we have |(m — n2)(n3 — 
n 2 )\ > N. Hence, < iy- 3+/3 + as in (|Q5]I . 

Now, suppose rig <C A" and max(rii, n 2 , 723) <C A 7 ". Then, as in Subcase (hi. 2. a) for the 
preliminary estimate on X 2 , the case 77,3 < Af2~ can not occur. Hence, we have rig ^ N^~. 

o Subsubcase (b.4.i): Suppose <C rig. It follows from max(ni, 77,2, n^) <C A" < n\ that 
either (a) two frequencies of |m|, |ro 2 |, \n%\ are 0(77,3), and the other one is 0(77.3), or ( D ) one 
frequency of \n\\, \ri2\, \ns\ is 0(713), ana - the other two are 0(773). In either case, we have 

|(ni - n 2 )(n 3 - n 2 )| > 0(n*) » AT3- 



Hence, we have 



\N^q\\ 2 H o+(J\\\n*qn*\\i2 

3=3 



(4.30) 



o Subsubcase (b.4.ii): Suppose rajSj ~ rig. In this case, we have 



|033}| < NP\\F> N Vq\ 



H 0-{ 



n 

i=3 



>JV *-9lltf<H-| 



\ L2 < N-*+f>+. (4.31) 



From (f4T27|) (f473Tj) . we conclude 



(4.32) 



• Estimate on (|4.15j) : We follow the argument in Estimate on (I1.17P in Subsection 13.11 
It suffices to estimate S n ra(w)^j-("Dg)^|^(g). where M\ and M2 are either 7Y 2 , T\, or X 2 

with frequencies {nj} 2r =i and {m}|Li- 

o Case (a): Suppose |n| > A 7 ". In this case, we have n\ > |n| > AT. 

If 1Z 2 appears in one of the factors, say M\ = IZ2, then, by duality with (|3.24p (note 
D\{n) = 0), we have 



0q r , 



(Pq) 



sup 



Pn ■ Vq Vq nz Vq 



T14 



< 



By Cauchy-Schwarz inequality with (|3.9p . we have 



m{n) w n {Vq) w n {q) 



"l 2 n—n2+nz—n/L=0 
ri2=nz=n4=n 

^llfltH < N- 3+ . 



(Vq) 



< 



dq n 



m(n)j—(q) 



< N-z+N- 1 ^ < AT- 4 +. (4.33) 

Hence, we assume that both A/i and M2 are either X\ or I 2 . Then, by applying Cauchy- 
Schwarz inequality, duality, and the preliminary estimates on X\ or T 2 in (ii)-(iii) on each 
factor, we obtain 

1 @35) | < AT-2+/3+ iV -2+/3+ = ^-4+2^+_ (4,34) 

Note that we gain only N~ 2+l3+ from each factor, instead of N~ 3+ @ + as in (ii)-(iii). This 
is due to the fact that a duality variable p is only in L 2 and thus we can not gain an extra 
power of A~ through f|3.4[) . 
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o Case (b): Suppose |n| <C N. Then, we have either n*,^ > N or n\,n* 2 > ivF*l Suppose 
n i> n 2 ~ Then, we can use the preliminary estimates on 7^-2, ^l, or T<i in (i)-(iii) for the 
first factor (after duality) and use Lemma 12.31 (a) for the second factor: 



IdDSDI < 



1 dMx 



(n) dq n 



(Vq) 



< AT-3+/ 3 +. 



(4.35) 



From (|4.34p and (|4.35[) . we conclude 

^ max(N- 4+2l3+ ,N- 3+l3+ ) = N- 3+/3+ . (4.36) 

for < 1. 

Putting together all the estimates from P~T7]) . P~2"5]) . (|4T3"2"]) , and (f4T36|) . we have 

I dUSD I + |gm)| + | (H35D | < max(N- 2 -P + ,N- a+2 ^ + ,N-^ + P + ) 

By choosing /3 = i, (|4.16p follows. This completes the proof of Theorem 11.21 (c). 

Appendix A. On Theorem 11.11 

In [5J, Bourgain presented details for the quintic nonlinearity (p = 2.) After the normal 
form reduction, (|3.24p was enough to conclude the result. For the cubic case (p = 1), 
Theorem 11.11 (a) follows once we note that (|3.24p still holds in this case, as discussed in 
subsection 13.31 

For p > 3, there is no Strichartz estimate available in the periodic setting, and thus we 
need to rely on Sobolev inequality. However, we can still perform the normal form reduction 
as m Section [2] (with K = T 5 ) since both (|2.9p and (|2.10p are satisfied for all t G M thanks 
to the L 2 -conservation and the conservation of the defocusing Hamiltonian. Hence, we can 
proceed as in [3J. 

Let I s (q) = WqWhs = Yin l n | 2s | ( ?n| 2 - Then, after the normal form reduction, we have (see 
(A.29) in 0|) 



dth< 



E 

ni— U2-\ 7l2r=0 

\D(n)\<K 



c(n)D s (n)q ni q n 



(A.l) 



where D s (n) := Yj (~ ^-V \ n j \ 2s - ^y Lemma on p. 1355 in [4], we have 

\D s {n)\<(n\)^- l \nlnl + K). 

(Note a typo in the statement (A. 32) in [4].) Assume that n* = \rij\, j ■ 
assume K < In3||n4|. Then, we have 



1, ... j 4. Moreover, 



IB3H< 



E 

ni— Ti2H n 2r =0 

\D(n)\<K 



2r 



c(n)i(nKi (s_i) Ki)(iiKii^i)(n 



(A.2) 



For the quintic case in it is at this point (see (A.37)-(A.38) in 0]) that the space-time 
estimate [H (A. 18)] was used. As mentioned above, (A. 18) in [4] follows from from the L 6 - 
Strichartz estimate (|3.23p . For p > 3, we do not have such an estimate. Thus, we simply 
proceed by Holder inequality and Sobolev embedding on the physical side, and obtain 



irai < k\\ 2 HS - h - 



m\m\m\ Hh 



\2r-4 



+ 



<I l - 



|„||2r-2+26» 



(A.3) 



ii 



Recall a slight abuse of notation for n* and n*. See Estimate on (|1.17[) in Subsection 13.1 
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where in the last step we used interpolation: ||<7|| s _i + < |M|# S |M|#i with 

9 = . ~~~r . (A.4) 
2(a-l)+ V ' 

If [713! [714! < K = T s , then we obtain (|A.3|) with an extra factor of K = T s . In view of the 
uniform bound on the /f 1 -norm on solutions, we obtain 

d t i s <T s iy d t (i e s )<T s . 

Hence, we obtain I s (t) < T~ = T ,2 ( s ~ 1 )+ for \t\ < T (with 5 = 0+.) This proves Theorem 
O(b). 

Acknowledgment: J.C. and T.O. would like to thank Alessandro Selvitella for a lecture 
on the classical theorem of the Birkhoff normal form. 
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